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Abstract
We propose a methodology for stochastic parameterization of bulk warm
cloud micro-physics properties. Unlike previous bulk parameterizations, we
do not assume any particular droplet size distribution; all parameters have
physical meanings, which are recoverable from data, and the resultant pa-
rameterization has the flexibility to utilize a variety of collision kernels. Our
strategy is a new two-fold approach to modelling the kinetic collection equa-
tion (KCE). By partitioning the droplet spectrum into two large bins repre-
senting cloud and rain aggregates, we represent droplet densities as a mean
plus a random fluctuation. Moreover, we use a Taylor approximation for the
collision kernel around the centres of masses of bulk cloud and rain aggre-
gates which allows the resulting parameterization to be independent of the
collision kernel. Two-moment equations are thus obtained for cloud and rain
mass and number aggregates in the form of stochastic differential equations.
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Based on numerical simulations of the KCE, an order of magnitude argu-
ment on the temporal fluctuations of the evolving cloud properties eliminates
random fluctuations from the stochastic differential equations. The physical
constraints of conservation of mass and consistency of number are used to
reduce the parameterization problem to three key parameters, controlling the
strength of cloud and rain self-collection, and auto conversion. The remain-
ing terms form a coupled system of deterministic ODEs without any ad-hoc
parameters and flexible enough to accept any collision kernel without fur-
ther derivations. In the companion paper, physical constraints are further
used to constrain the parameters and the model is validated for the case of a
piece-wise polynomial kernel.
Keywords: cloud microphysics and bulk parameterizations and stochas-
tic processes and closure of kinetic collection equation and collision and
coalescence
1 Introduction
Clouds are among the most poorly understood components of climate models.
Physical processes in clouds have length scales which span nine orders of mag-
nitude [16]. Computers are not capable of performing the calculations necessary
to resolve all of the microphysical processes that occur in a cloud that is fully
contained in a model’s grid cell [2]. Therefore, approximations and simplifica-
tions to the dynamic equations that represent these microphysical processes are
necessary when these processes provide climate models with macroscopic cloud
information such as the onset of precipitation and radar reflectivity [5].
A sequence of three general stages result in the production of rainfall at the
Earth’s surface: condensation and nucleation, collision and coalescence, and pre-
cipitation [6]. Each of these stages is modelled as a suite of physical processes.
The processes of collision and coalescence are dominant after condensation and
nucleation when water droplets are several microns in radii, and before the droplets
are large enough to have a terminal velocity which exceeds typical cloud updrafts
[4]. Bulk rate equations are a set of coupled differential equations for rain and
cloud aggregates that simplify the collision and coalescence processes.
Self-collection (cloud and rain), autoconversion, and accretion are the colli-
sion and coalescence processes that comprise bulk rate equations. Autoconversion
is the only one of these processes that appears in each of the differential equations
in the coupled set. It is also the one most strongly influenced by turbulence which
makes it the most difficult to accurately model [18]. Over the past 40+ years, more
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research has focused on parameterizing auto-conversion, particularly the auto con-
version producing rain mixing ratio, than the other processes. When a full suite of
collision and coalescence parameterizations were derived, it is a common practice
to make the remaining autoconversion processes to be diagnostic in terms of the
parameterized rain auto conversion [8, 17, 4].
Here, we propose a new methodology to derive bulk cloud microphysics equa-
tions from the kinetic coalescence equation in the case of warm clouds, but in
principle it can be applied to more general situations. Our method is based on a
systematic decomposition of the cloud and rain droplets into a mean and a set of
random fluctuations. The latter leads to the closure of the high order moments as
a sequence of Ornstein Uhlenbeck-like processes.
For the remainder of Section 1, we briefly review the historical development of
bulk parameterizations. In Section 2 we identify assumptions and approximations
to the kinetic collection equation used in the stochastic bulk parameterization.
Section 3 derives the four stochastic differential equations used in our parame-
terization. In Section 4 the parameterization is closed and the parameter space is
reduced to three degrees of freedom. Section 5 concludes by identifying the theo-
retical significance of the stochastic bulk parameterization of cloud microphysical
processes and its place among other parameterizations in the literature.
The seminal work for bulk cloud microphysics parameterizations was an au-
toconversion parameterization as a function of cloud liquid water content Lc in
Kessler’s 1969 paper which used a Heaviside function to terminate the autocon-
version when a critical threshold was reached [12]. Liu and Daum (2004), here-
after referred to as LD04, improved the Kessler-Type parameterization by using a
theoretical foundation to derive a dependence on cloud droplet concentration Nc
[12]. The Sunqvist-Type parameterization replaced the Heaviside function with a
decaying exponential and was improved by Liu et. al. (2006), hereafter referred
to as LD06, by using a similar theoretical basis to derive a dependence on cloud
droplet concentration [13]. Khairoutidnov and Kogan (2000), hereafter referred
to as KK00, applied the least squares method to results of many simulations of
a detailed microphysics method. Their input parameters spanned a state space of
liquid water content and droplet concentration N. They returned a single param-
eterization to be used for the entire state space [8]. Seifert and Beheng’s (2001),
hereafter referred to as SB01, parameterization was derived from the kinetic col-
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lection equation.
∂n(x, t)
∂ t
=
1
2
∫ x
0
n(x− x′, t)n(x′, t)K(x− x′,x′)dx′−∫ ∞
0
n(x, t)n(x′, t)K(x,x′)dx′
(1)
where x is the droplet mass: n(x, t) is the number concentration, a density function:
and K(x,x′) is the collision-coalescence kernel so that n(x, t)n(x′, t)
K(x,x′) is the rate-density of collision-coalescence between two droplets of mass
x and x′, respectively. As was LD04 and LD06, their’s was dependent on both
Lc and the cloud droplet concentration Nc. SB01 validated their bulk parame-
terization with results from a detailed microphysics method [17]. The analyti-
cally derived parameterizations used a specific form of the droplet size distribu-
tion (DSD) which is not universally applicable to varying cloud types [24, 22].
Franklin, hereafter referred to as Fr08, applied DNS results to the parameteriza-
tion given by Khairoutidnov and Kogan (2000) to get parameters as a function
of the Taylor-based Reynolds number [4] and validated the results with DNS.
Franklin’s turbulent parameterizations are valid for a range of turbulent kinetic
energy of 100-1500 cm2s−3.
Kessler’s work and the work of LD04 and LD06 produced only auto-conversion
parameterizations for rain mixing ratio. KK00, SB01, and Fr08 derived expres-
sions for the auto-conversion process, and for the accretion process, as they af-
fected rain mixing ratio. They used conservation of mass to deliver an expressions
for loss of cloud mixing ratio due to these processes, and used the equation
x=
q
N
(2)
to deliver expressions for other terms in their parameterizations. The auto-conversion
parameterizations for the remaining quantities (Nc, Nr, qc) are simply set to be
functions of the rain mixing ratio. The stochastic bulk parameterization, derived
here, independently develops auto-conversion and accretion terms for each of the
four evolved quantities while preserving conversation of mass and consistency of
number. These parameterizations have all used a grid-box mean value for the
mixing ratio. Wood et. al. showed that the use of a grid-box mean value for the
mixing ratio results in an underprediction of the autoconversion rate [23].
The use of stochastic methods in cloud microphysics is fairly new besides a
couple of articles known to the authors. Posselt et al. (2010) and Van Lier-Walqui
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et al. (2012) represented the uncertainty in radar reflectivity via a random pro-
cess. Krueger (1993) [9] used a power law distribution to model the variability of
entrainment plume size [15, 11]. This was developed by Krueger et. al. (1997)
to include multiple events and simulate a cumulus cloud [10], and further devel-
oped by Su et. al (1998) to include Kolmogorov inertial range scalings and droplet
growth [20]. These stochastic models use probability distributions to model uncer-
tainty (‘sample-based’ stochastic models). The stochastic bulk parameterization
developed herein uses stochastic differential equations (SDE) and assumes no spe-
cific probability distributions. This method can be identified as an ‘SDE-based’
stochastic model. The authors are unaware of any other ‘SDE-based’ stochastic
model used to represent microphysical processes in clouds.
2 Definitions and Assumptions
For simplicity in exposition, we consider the kinetic coalescence equation (KCE)
Equation 1 for warm clouds. Large droplets that reach certain terminal velocities
escape the updraughts and fall out of the cloud as rain. The droplet spectrum is
thus naturally divided into rain droplets and cloud droplets depending whether the
droplet mass exceeds a heuristically chosen threshold x∗. In practice, x∗ depends
on the strength of the updraughts and thus it is typically larger for deep convective
clouds and smaller for shallow cumulus clouds. For convenience, we assume that
x∗ is a fixed parameter.
Accordingly, we define the droplet numbers, Nc, Nr, and mixing ratios, qc, qr,
of cloud (subscript ‘c’) and rain (subscript ‘r’) aggregates as follows.
Nc =
∫ x∗
0
n(x)dx, qc =
∫ x∗
0
xn(x)dx, Nr =
∫ ∞
x∗
n(x)dx, qr =
∫ ∞
x∗
xn(x)dx (3)
We define the centre of mass of the cloud and rain aggregates as
x¯c ≡ 1Nc
∫ x∗
0
xn(x)dx=
qc
Nc
, x¯r ≡ 1Nr
∫ ∞
x∗
xn(x)dx=
qr
Nr
. (4)
The framework developed below can be easily extended to more than two such
bins allowing the inclusion of drizzle, for example.
2.1 Density Approximations
Both number concentration density and mixing ratio density are approximated
by their respective aggregate totals, normalized by the width of the spectrum on
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which the aggregate is defined, plus a stochastic fluctuation:
n(x, t) =

Nc(t)
x∗ +δc(ω1;x, t) 0≤ x< x∗
Nr(t)
xm−x∗ +δr(ω1;x, t) x
∗ ≤ x< xm.
0 xm ≤ x
(5)
q(x, t) =

qc(t)
x∗ + γc(ω2;x, t) 0≤ x< x∗
qr(t)
xm−x∗ + γr(ω2;x, t) x
∗ ≤ x< xm.
0 xm ≤ x
(6)
Here xm is a large enough droplet mass so that n(x) ≈ 0 and q(x) ≈ 0 if x ≥ xm.
In practice it can be taken to be the maximum possible droplet mass. The fluc-
tuations of number concentration density δc(ω1;x, t) and δr(ω1;x, t) and mixing
ratio density γc(ω2;x, t) and γr(ω2;x, t) are functions of random numbers ω1 and
ω2, have zero mean, and are assumed to have bounded variation and prescribed
covariance. Such stochastic fluctuations and corresponding random variables are
further developed in Section 3. Because the first approximation is used to define
the four aggregate quantities in Equation 3 and the two densities, number concen-
tration and mixing ratio given by Equations 5 and 6 respectively, are related by
the physical constraint q(x, t) = xn(x, t), a compatibility condition exists which is
developed and resolved in A.
2.2 2-D Domain: Source Droplet Pairs
Droplets affected by collision processes typically range in radii from ∼ 1 µm
to several millimetres [1, 21, 19]. Droplets smaller than this range follow the
streamlines of larger droplets and grow by condensation rather than by collision
and coalescence, and droplets larger than this range experience breakup and rarely
exceed several millimetres [16]. When modelling a binary collision, the spherical
water masses prior to the moment of collision are called ‘source droplets,’ and
water mass in the single post-collision droplet is called the ‘target droplet.’
Two orthogonal spectra of source droplets define a two dimensional domain.
The positive quadrant within this domain identifies all possible pre-collision droplet
pair combinations as shown in Figure 1. The separation between rain and cloud
droplets on this graph is indicated by a separation mass x∗. The mass of the sep-
aration threshold x∗ between rain and cloud droplets and the largest droplet mass
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x∗
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Ω2
Ω3 Ω4
Ω5 Ω6
Figure 1: The domain of pre-collision droplet pairs is partitioned into six regions
defining the collision and coalescence processes: cloud self-collection (Ω1), auto-
conversion (Ω2), accretion (Ω3, Ω5, Ω6), and rain self-collection (Ω4).
xm, are indicated on the graph. In subsequent subsections, the kinetic collection
equation is integrated using xm in upper integration bounds and xm→ ∞.
The shape of the domain identified in Figure 1 is produced from a change of
variables:
z= x− x′ and y= x′ (7)
where the original two variables (x− x′ and x′) represent the two source droplets
in the first integral in Equation 1. The change of variables is helpful to integrate
the partial moment on the rain portion of the spectrum. The distinction between
regions Ω5 and Ω6 facilitates the integration. Both the lower and upper bounds of
integration in region Ω6 contain xm which is taken in the limit to infinity. There-
fore all results in this region will be zero. However, the calculations are detailed
in the derivations for completeness.
The pre-collision droplet pair combinations are partitioned in Figure 1 into
four aggregates: cloud-cloud (Ω1 ∪Ω2), rain-cloud (Ω3), cloud-rain (Ω5 ∪Ω6),
and rain-rain (Ω4). The collision-coalescence processes are represented as fol-
lows: cloud self-collection (Ω1), auto-conversion (Ω2), accretion (Ω3, Ω5, Ω6),
and rain self-collection (Ω4). The three regions given by Ω3, Ω4, and Ω5 ∪Ω6
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each span a complete aggregate and are each represented by a single collision-
coalescence process. Therefore, the integral of the fluctuations for each of these
regions is zero. In Section 3, we show that the state space mean of the fluctuations
is zero for a complete aggregate.
The bounds of integration for the six regions in Figure 1 are explicitly detailed
as follows: ∫
Ω1
dΩ1 ≡
∫ x∗
0
∫ x∗−y
0
dzdy cloud self-collection∫
Ω2
dΩ2 ≡
∫ x∗
0
∫ x∗
x∗−y
dzdy auto-conversion∫
Ω3
dΩ3 ≡
∫ x∗
0
∫ xm−y
x∗
dzdy accretion∫
Ω4
dΩ4 ≡
∫ xm−x∗
x∗
∫ xm−y
x∗
dzdy rain self-collection∫
Ω5
dΩ5 ≡
∫ xm−x∗
x∗
∫ x∗
0
dzdy accretion∫
Ω6
dΩ6 ≡
∫ xm
xm−x∗
∫ xm−y
0
dzdy accretion
(8)
In 2007 Wang and collaborators presented a figure (their Figure 2) constructed
with pairs of source droplets. However, they identified bin indices on a pair of
discretized spectra and omitted references to the types of collision processes asso-
ciated with the distinctive regions of the domain. Figure 1 replaces the bin indices
with physically relevant collision processes.
2.3 Collision Kernel Expansion
A Taylor approximation of K(x,x′) is centred around x¯c and x¯r to obtain closed
forms for the bulk equations to be developed in Section 3.
K(x,x′) = K(x¯, x¯′)+
∂K(x¯, x¯′)
∂x
(x− x¯)+ ∂K(x¯, x¯
′)
∂x′
(x′− x¯′) +
∂ 2K(x¯, x¯′)
2 ∂x∂x′
(x− x¯)(x′− x¯′)+ ∂
2K(x¯, x¯′)
2 ∂x2
(x− x¯)2+
∂ 2K(x¯, x¯′)
2 ∂x′2
(x′− x¯′)2+h.o.t,
(9)
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More precisely we have bins with a ≤ x, x¯ < b and a′ ≤ x′, x¯′ < b′ s.t. x¯ = x¯c
(x¯′ = x¯c) if a = 0 and b = x∗ (a′ = 0 and b′ = x∗), and x¯ = x¯r (x¯′ = x¯r) if a = x∗
and b= ∞ (a′ = x∗ and b′ = ∞).
The first six terms of the Taylor approximation yield a combination of con-
stant, linear, and product kernels considered in Drake’s paper [3] to derive bench-
mark exact solutions for the coalescence equation. A combination of those bench-
mark solutions could be used here to close the equations without any further ap-
proximation of n(x, t). However, that route increases the number of terms in the
resultant bulk parameterization five-fold. By using only the constant term in the
Taylor approximation the number of terms and associated computational costs
mirror that of existing bulk microphysical parameterizations. However, unlike
existing parameterizations, which are restricted to a chosen collision kernel ap-
plied during the derivation of the kinetic collection equation, the stochastic bulk
parameterization can accept a wide variety of collision kernels without any fur-
ther derivations. We consider the stochastic correction terms to be in some way
representative of the Taylor error terms.
3 Stochastic Bulk Model
The density approximations given by Equations 5 and 6 are used when taking
moments of Equation 2. By construction, the instantaneous mean, w.r.t. droplet
size, of the stochastic fluctuations are zero. The sum of the density approximations
over an entire region are zero:
Nc(t) =
∫ x∗
0
n(x, t)dx=
∫ x∗
0
Nc(t)
x∗
+δc(ω1;x, t)dx= Nc(t)+
∫ x∗
0
δc(ω1;x, t)dx
Consequently,
0 =
1
x∗
∫ x∗
0
δc(x)dx≡ 〈δc(x)〉 . (10)
where only the droplet mass dependency is expressed to emphasize that the mean
is taken over an interval in the droplet spectrum and at an instant in time. Similarly,
we have ∫ xm
x∗
δr(x)dx≡ 〈δr(x)〉= 0,
∫ x∗
0
γc(x)dx≡ 〈γc(x)〉= 0, and∫ xm
x∗
γr(x)dx≡ 〈γr(x)〉= 0 for all t.
(11)
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Moreover, we assume that δc and δr are spatially correlated with non-trivial co-
variance functions. Using the change of variables from Equation 7 for the pre-
collision droplet masses, the product fluctuation terms can be expressed as:
φ jk =
∫
Ωi
δ j(·)δk(·)dΩi, or φ jk =
∫
Ωi
δ j(·)γk(·) dΩi (12)
where Ωi is a domain identified in Figure 1 and ( j,k ∈ {c,r}), and the fluctuations
are a function of either z or y and are thus represented as, for example, δk(·).
The stochastic terms are discussed using the change of variables in Equation
7. The symmetry of Ω1, w.r.t the line z= y, eliminates the need to distinguish be-
tween the integration variables in the indexing scheme. There are two stochastic
processes associated with number concentration fluctuations; one w.r.t ‘z’ and the
other w.r.t. ‘y.’ Due to the symmetry of Ω1, they are equivalent and are combined
in the second term on the rhs of Equation 16. No further identification of fluctu-
ations is necessary for the indexing of processes within this differential equation.
The change of variables in Equation 7 is used to define the following stochastic
processes:
As the cloud properties evolve, the aggregate fluctuations and aggregate prod-
uct fluctuations change. Consider the evolution of these instantaneous statistics to
be a stochastic process:
Xs(t)≡

κ
Φ
∫
Ωi δ j(·, t)dΩi mean, at an instant, of a set of
number concentration fluctuations
κ
Φ
∫
Ωi γ j(·, t)dΩi mean, at an instant, of a set of
mixing ratio fluctuations
1
Φφ jk(t) instantaneous product fluctuation
where s = s(i, j,k,Φ) is an indexing scheme to be developed in the following
subsections, and κ is a normalization constant from Equations (5 and 6), and Φ
is an appropriate function of cloud properties (Nc,Nr,qc,qr) which serves to non-
dimensionalize the stochastic process. We assume that the stochastic processes
Xs(t) are time homogeneous with a fixed mean µs and variance σ2s . We thus set
Xs(t) = µs+σsξs(t) (13)
where ξs(t) is a homogeneous process with mean zero and variance one.
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3.1 Cloud Number Concentration
The evolution of cloud number concentration is expressed as a partial moment of
the kinetic collection equation over the cloud droplet portion of the spectrum.
dNc
d t
=
1
2
∫ x∗
0
∫ x
0
n(x− x′)n(x′)K(x− x′,x′)dx′dx−∫ x∗
0
∫ ∞
0
n(x)n(x′)K(x,x′)dx′dx.
The substitutions for the number concentration density are used, and kernel values
at the mean mass of each partition requires splitting the second double integral into
two terms:
dNc
d t
=
1
2
∫ x∗
0
∫ x
0
[
Nc
x∗
+δc(x− x′)
][
Nc
x∗
+δc(x′)
]
K(xc,xc)dx′dx
−
∫ x∗
0
∫ x∗
0
n(x)n(x′)K(xc,xc)dx′dx−
∫ x∗
0
∫ ∞
x∗
n(x)n(x′)K(xc,xr)dx′dx.
(14)
Expanding the substitutions for number concentration density gives three terms
in the first integral that contain stochastic fluctuations. An abbreviated notation
is used for the autoconversion/cloud self-collection and accretion kernels: Kcc =
K(x¯c, x¯c) and Kcr = K(x¯c, x¯r), respectively.
dNc
d t
=
Kcc
2
∫ x∗
0
∫ x
0
N2c
(x∗)2
+
Nc
x∗
δc(x− x′)+ Ncx∗ δc(x
′)+δc(x− x′)δc(x′)dx′dx
−Kcc
∫ x∗
0
∫ x∗
0
n(x)n(x′)dx′dx−Kcr
∫ x∗
0
∫ ∞
x∗
n(x)n(x′)dx′dx.
(15)
The first term in the first integral consists of only constants and thus can be in-
tegrated. By symmetry, the second and third terms in the first integral contain
stochastic fluctuations which can be integrated analytically:
KccNc
2x∗
∫ x∗
0
∫ x
0
δc(x′)dx′dx =
KccNc
2x∗
∫ x∗
0
∫ x
0
δc(x− x′)dx′dx =
(
1
2
− xc
x∗
)
KccN2c
However, this constraint limits the usability of the two-moment bulk equations
because it leads to unphysical conditions that violate first principles such as con-
servation of mass and consistency of number concentration. Here, we relax this
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constraint and assume that this term is represented through a random process,
denoted below by X1n f . This relaxation is justified, for instance, by the severe
truncation applied to the kernel function in Equation 9.
The second and third integrals in Equation 15 are partial moments over com-
plete partitions of the droplet size spectrum and thus can also be integrated to
obtain: KccN2c and KcrNcNr, respectively.
The double integrals of the terms containing fluctuations and product fluc-
tuations are aggregate fluctuations over a region at an instant. They are non-
dimensionalized and represented by the stochastic processes Xs. Combining the
analytically integrated terms with the stochastic process terms yields a stochastic
differential equation for the evolution of cloud number concentration:
dNc
d t
=
1
4
KccN2c +KccN
2
cX1n f +
1
2
KccN2cX1np−KccN2c −KcrNcNr (16)
The number in the indices of these stochastic processes, Xs, identify the do-
main according to Figure 1. The first Latin letter, ‘n’ or ‘m,’ indicates number
concentration or mass density, respectively. The second Latin letter, ‘ f ’ or ‘p,’
indicates fluctuation or product fluctuation, respectively.
We have,
X1n f ≡ 1x∗Nc
∫
Ω1
δc(·)dΩ1 =
(
µ1n f +σ1n f ξ1n f
)
,where
1
x∗Nc
∫
Ω1
δc(·)dΩ1 = 12x∗Nc
∫
Ω1
δc(z)dΩ1+
1
2x∗Nc
∫
Ω1
δc(y)dΩ1,
X1np ≡ 1N2c
∫
Ω1
δc(z)δc(y)dΩ1 =
(
µ1np+σ1npξ1np
)
. (17)
As already anticipated, ξ1n f and ξ1np are homogeneous processes with mean zero
and variance one, and µ and σ are the ensemble mean and standard deviation,
respectively. Substituting Equations 17 into Equation 16, and collecting like terms
gives
dNc
d t
=−
(
3
4
− 2µ1n f +µ1np
2
)
KccN2c −KcrNcNr+
1
2
[
2σ1n f ξ1n f +σ1npξ1np
]
KccN2c .
(18)
This is the stochastic differential equation for cloud aggregate number concentra-
tion, which contains the means of stochastic processes as physically meaningful
parameters.
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3.2 Rain Number Concentration
The evolution of rain number concentration is also expressed as a partial moment
of the kinetic collection equation.
dNr
d t
=
1
2
∫ ∞
x∗
∫ x
0
n(x− x′)n(x′)K(x− x′,x′)dx′dx−∫ ∞
x∗
∫ ∞
0
n(x)n(x′)K(x,x′)dx′dx
(19)
The convenient change of variables given in Equation 7 and the substitutions for
the kernel allow the first integral to be partitioned into five integrals:
1
2
∫ ∞
x∗
∫ x
0
n(x− x′)n(x′)K(x− x′,x′)dx′dx= K(x¯c, x¯c)
2
∫
Ω2
n(y)n(z) dΩ2+
K(x¯c, x¯r)
2
[∫
Ω3
+
∫
Ω5
+
∫
Ω6
]
n(y)n(z) dΩ +
K(x¯r, x¯r)
2
∫
Ω4
n(y)n(z) dΩ4
(20)
The accretion terms, Ω3, Ω5, and Ω6, integrate analytically to 1/2, 1/2, and zero,
respectively. The rain self-collection term integrates to 1/2K(x¯r, x¯r)N2r .
The truncation of a variety of turbulent and non-turbulent kernels introduces
uncertainty into an otherwise deterministic expression. The density approxima-
tions in Equations 5 and 6 can restore the uncertainty to these terms. However,
data from detailed simulations show that the parameter values associated with ac-
cretion are ∼O(10−19)-O(10−21) while those associated with rain self-collection
are ∼ O(10−1)-O(10−2). Therefore, we analytically integrate the accretion terms
and use stochastic processes to represent the uncertainty associated with kernel
truncation in the rain self-collection term. Using the substitutions for number
concentration, the stochastic terms contained in the first and third terms on the rhs
of Equation 20 are:
K(x¯c, x¯c)
2
∫
Ω2
[
Nc
x∗
+δc(z)
][
Nc
x∗
+δc(y)
]
dΩ2,
K(x¯r, x¯r)
2
lim
xm→∞
∫
Ω4
[
Nr
xm− x∗ +δr(z)
][
Nr
xm− x∗ +δr(y)
]
dΩ4.
(21)
The second term in Equation 19 partitions into two integrals and integrates easily
to yield:
KcrNcNr+KrrN2r . (22)
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Expanding the substitutions for number concentration density in Equation 21,
combining that with Equation 22, and recognizing that the accretion terms cancel
(1/2+1/2-1=0) produces an equation with 4 stochastic processes:
dNr
d t
=
Kcc
2
(
1
2
N2c +2N
2
cX2n f +N
2
cX2np
)
+
Krr
2
lim
xm→∞
(
(xm−2x∗)2
2(xm− x∗)2N
2
r +2N
2
r X4n f +N
2
cX4np
)
−KrrN2r
(23)
where, again, Kcc = K(x¯c, x¯c), Kcr = K(x¯c, x¯r), and Krr = K(x¯r, x¯r). As antici-
pated X2n f , X2np, X4n f , X4np are stochastic processes with their own means and
variances, satisfying:
X2n f ≡ 1x∗Nc
∫
Ω2
δc(·)dΩ2 =
(
µ2n f +σ2n f ξ2n f
)
,
X2np ≡ 1N2c
∫
Ω2
δc(·)δc(·)dΩ2 =
(
µ2np+σ2npξ2np
)
,
X4n f ≡ limxm→∞
1
(xm− x∗)Nr
∫
Ω4
δr(·)dΩ4 =
(
µ4n f +σ4n f ξ4n f
)
,
X4np ≡ limxm→∞
1
N2r
∫
Ω4
δr(·)δr(·)dΩ4 =
(
µ4np+σ4npξ4np
)
,
(24)
where ξ2n f , ξ2np, and ξ4np are homogeneous processes with mean zero and vari-
ance one. When xm→ ∞, we obtain X4n f = 0. Taking the limit in Equation 23,
substituting the three remaining means and variances, and collecting like terms
gives the stochastic parameterization for rain number concentration:
dNr
d t
=
(
1
4
+
2µ2n f +µ2np
2
)
KccN2c −
(
3
4
−µ4np
)
KrrN2r+
1
2
(2σ2n f ξ2n f +σ2npξ2np)KccN2c +σ4npξ4npKrrN
2
r
(25)
This is the differential equation for rain aggregate number concentration, which
contains the means of stochastic processes as physically meaningful parameters.
We note that the analytic and stochastic rain collection terms, 0.5KrrN2r and
(0.75− µ4np)KrrN2r respectively, are equal when µ4np = 0.25. Results from de-
tailed simulations produce values of µ4np near 0.25 that vary depending on the
kernel and the age of the cloud, as will be reported in Part II and a future publica-
tion.
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3.3 Cloud Mixing Ratio
The evolution of cloud mixing ratio is expressed as a partial moment of the kinetic
collection equation over the cloud droplet portion of the spectrum.
d qc
d t
=
1
2
∫ x∗
0
∫ x
0
xn(x− x′)n(x′)K(x− x′,x′)dx′dx−∫ x∗
0
∫ ∞
0
xn(x)n(x′)K(x,x′)dx′dx
Using the substitutions for the number concentration density, mixing ratio, and
the collision kernel, and applying the change of variables gives
d qc
d t
=
1
2
∫ x∗
0
∫ x∗−y
0
[qc
x∗
+ γc(z)
][Nc
x∗
+δc(y)
]
K(xc,xc)dzdy
+
1
2
∫ x∗
0
∫ x∗−y
0
[
Nc
x∗
+δc(z)
][qc
x∗
+ γc(y)
]
K(xc,xc)dzdy
−
∫ x∗
0
∫ x∗
0
xn(x)n(x′)K(xc,xc)dx′dx−
∫ x∗
0
∫ ∞
x∗
xn(x)n(x′)K(xc,xr)dx′dx
(26)
Expanding the substitutions for number concentration density and mixing ratio
density produces three terms that contain stochastic fluctuations in each of the first
two integrals. The abbreviated notation for the kernels are used: Kcc = K(x¯c, x¯c)
and Kcr = K(x¯c, x¯r).
d qc
d t
=
Kcc
2
∫ x∗
0
∫ x∗−y
0
qcNc
(x∗)2
+
qc
x∗
δc(y)+
Nc
x∗
γc(z)+ γc(z)δc(y) dzdy
+
Kcc
2
∫ x∗
0
∫ x∗−y
0
qcNc
(x∗)2
+
qc
x∗
δc(z)+
Nc
x∗
γc(y)+ γc(y)δc(z) dzdy
−Kcc
∫ x∗
0
∫ x∗
0
xn(x)n(x′)dx′dx−Kcr
∫ x∗
0
∫ ∞
x∗
xn(x)n(x′)dx′dx
(27)
The first term in each of the first two integrals contain only constants and thus
can be integrated. The second term in these integrals are the same, except for a
different constant, as the ones exposed in the derivation of cloud number concen-
tration in Section 3.1. They are also represented here as the drift component of an
Ornstein-Uhlenbeck-like process. The third terms contain γc, which produce third
moments, and yield a closure problem.
1
x∗qc
∫
Ω1
γc(z)dΩ1 =
1
2
− 1
qcx∗
∫ x∗
0
z2n(z)dz (28)
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The third and fourth integrals are partial moments over complete regions and thus
can be integrated. Combining the analytically integrated terms with stochastic
process terms yields a stochastic differential equation for the evolution of cloud
number concentration:
d qc
d t
=
1
2
KccqcNc+KccqcNcX1n f +KccqcNcX1mf +KccqcNcX1mp
−KccqcNc−KcrqcNr
(29)
where X1n f is detailed in Section 3.1, and
X1mf ≡ 1x∗qc
∫
Ω1
γc(·)dΩ1 =
(
µ1mf +σ1mf ξ1mf
)
,
X1mp ≡ 1qcNc
∫
Ω1
δc(·)γc(·)dΩ1 =
(
µ1mp+σ1mpξ1mp
)
,
(30)
with as usual ξ1mf and ξ1mp being homogeneous processes with mean zero and
variance one. The presence of γ in X1mp yields another third moment, the closure
of which is handled similarly to X1mf .
The change of variables given in Equation 7 produces two of each fluctuation
integrals in region Ω1 which are summed to produce the two stochastic processes
in Equation 30. This is done in a similar fashion as X1n f in Equation 17. The
symmetry in regionΩ1 means that the duplicate processes are equivalent; thus, the
coefficient in each positive term on the rhs of Equation 29 is twice the coefficient
in the corresponding term in Equation 16. The sum of the second and third terms
in Equation 29 correspond to the second term in Equation 16 because they are all
‘fluctuation’ terms. Substituting Equation 30 in to Equation 29 and collecting like
terms gives
d qc
d t
=−
(
1
2
− (µ1n f +µ1mf +µ1mp))KccqcNc−KcrqcNr+
1
2
[
σ1n f ξ1n f +σ1mf ξ1mf +σ1mpξ1mp
]
KccqcNc
(31)
This is the differential equation for cloud aggregate mixing ratio, which contains
the means of stochastic processes as physically meaningful parameters.
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3.4 Rain Mixing Ratio
The evolution of rain mixing ratio is also expressed as a partial moment of the
kinetic collection equation however collisions with cloud droplets are included.
d qr
d t
=
1
2
∫ ∞
x∗
∫ x
0
xn(x− x′)n(x′)K(x− x′,x′)dx′dx
−
∫ ∞
x∗
∫ ∞
0
xn(x)n(x′)K(x,x′)dx′dx
(32)
The convenient change of variables given in Equation 7 and the substitutions for
the kernel allow the first integral to be partitioned into five integrals:
1
2
∫ ∞
x∗
∫ x
0
n(x− x′)n(x′)K(x− x′,x′)dx′dx =
K(x¯c, x¯c)
2
∫
Ω2
q(y)n(z)+n(y)q(z) dΩ2 +
K(x¯c, x¯r)
2
[∫
Ω3
+
∫
Ω5
+
∫
Ω6
]
q(y)n(z) dΩ +
K(x¯c, x¯r)
2
[∫
Ω3
+
∫
Ω5
+
∫
Ω6
]
n(y)q(z) dΩ +
K(x¯r, x¯r)
2
∫
Ω4
q(y)n(z)+n(y)q(z) dΩ4
(33)
The coefficients in each set of accretion terms, corresponding to Ω3, Ω5, and Ω6,
integrate analytically to 1/2, 1/2, and zero, respectively. The rain self-collection
term integrates to K(x¯r, x¯r)N2r . Using the substitutions for number concentration
and mixing ratio, the remaining terms contain stochastic fluctuations:
K(x¯c, x¯c)
2
∫
Ω2
([qc
x∗
+ γc(z)
][Nc
x∗
+δc(y)
]
+
[qc
x∗
+ γc(y)
][Nc
x∗
+δc(z)
])
dΩ2
(34)
The second term in Equation 32 partitions into two integrals and integrates easily
to yield:
KcrqrNc+KrrqrNr (35)
which conveniently cancel with the qrNc accretion terms and the rain self-collection
term.
The substitutions for number concentration density and mixing ratio density
are expanded. The accretion terms containing qrNc cancel: (1/2+1/2-1=0) while
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the accretion terms with qcNr sum to unity. Combining Equations (34 & 35)
produces an equation with 2 new stochastic processes:
d qr
d t
=
Kcc
2
(
qcNc+2qcNcX2n f +2NcqcX2mf +2qcNcX2mp
)
+KcrqcNr (36)
where X2n f is detailed in Section 3.3, and the remaining means and variances of
the stochastic processes in Equation 36 are defined as:
X2mf ≡ 1x∗qc
∫
Ω2
γc(·)dΩ2 =
(
µ2mf +σ2mf ξ2mf
)
,
X2mp ≡ 1qcNc
∫
Ω2
γc(·)δc(·)dΩ2 =
(
µ2mp+σ2mpξ2mp
)
,
and ξ2mf and ξ2mp are homogeneous processes with mean zero and variance one.
The third moment that arises in X2mf is the additive inverse of the expression
for the third moment in X1n f an shown in the rhs of Equation 28, and similarly
X2mp contains a third moment which is closed by use of the stochastic process.
Taking the limit in Equation 36, substituting the remaining means and variances
and collecting like terms gives the stochastic parameterization for rain number
concentration:
d qr
d t
=
(
1
2
+µ2n f +µ2mf +µ2mp
)
KccqcNc+KcrqcNr+
2(σ2cn f ξ2cn f +σ2cm f ξ2cm f +σ2mpξ2mp)KccqcNc
(37)
This is the differential equation for rain aggregate mixing ratio, which contains
the means of stochastic processes as physically meaningful parameters.
4 Numerical Simulations and Mean Stochastic Equa-
tions
Equation 17,23, 29, 35 form a system of stochastic differential equations which
approximate the evolutions of the two moments of mass and number concentra-
tion of cloud and rain aggregates. They depend on a rather large number of pa-
rameters represented by the means and standard deviations of OU processes. The
parameter values can in principle be learned from data. As a first filtration, here
we use detailed simulations based on the KCE (1) to infer the bulk behavior of
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these parameters. This exercise will in particular allow us to eliminate the stan-
dard deviations from all the OU processes thus resulting in a set of deterministic
equations in agreement with existing bulk cloud microphysics models [8, 17, 4].
Numerical simulations were performed using Bott’s Linear Flux Method (LFM)
[1]. The LFM is a popular and computationally efficient method of discretizing
the kinetic collection equation. It simulates collisions of all possible two-droplet
combinations at each time step, and evolves the mass density on a equidistant log-
radius spectrum. Mass doubles every four bins (130 bins) and the radius of the
smallest droplet represented on the spectrum we used is 0.589 µm. The time step
used is 1 second.
The detailed simulations are used in two independent ways to eliminate the
fluctuation terms from the coupled set of ordinary differential equations shown in
Equations (18, 25, 31, 37). First, with respect to the representation of the stochas-
tic processes as the sum of a mean and the product of a standard deviation and a
homogeneous fluctuation, we show that the standard deviation term is at least one
order of magnitude smaller than the mean term. This is shown using results from
detailed simulations using the KCE with four different collision kernels. Thus
we justify eliminating the fluctuation terms which contain ξ from Equations (18,
25, 31, 37). Second, when taking the mean of these four equations, second order
fluctuation terms such as δNcδNc appear. We use the same detailed simulations
to show that δNc, δNr, and δqc, are at least three orders of magnitude smaller
than Nc, Nr, and qc, respectively. The rain mixing ratio, qr, does not appear in
the stochastic bulk equations.
4.1 Temporal Mean of the Stochastic Parameters
The kinetic collection equation (Eq. 1) is integrated for one hour and statistics
are collected for the nine stochastic parameters contained in Equations (18, 25,
31, 37), defined as the sum of a mean and the product of a standard deviation
and a homogeneous stochastic process: Xs ≡ µs+σsξs where µs and σs are col-
lected during the detailed simulations. The results are reported in Table 1. The
strength of the mean term relative to the standard deviation term is shown by the
ratio σ /µ . The columns in Table 1 that are headed by this ratio show that the
standard deviation term is at least one order of magnitude smaller than the mean
term. These simulations were done for four kernels: (i) the piece-wise polynomial
kernel used by Seifert and Beheng (2001), (ii) a hydrodynamic kernel with collec-
tion efficiencies tabulated by Hall (1980), (iii) a turbulent kernel parameterized by
Franklin (2007), and (iv) a turbulent kernel with tabulated values by Pinsky and
19
Khain (2008). Based on these results the contributions of randomness parts ξs of
the processes Xs can be eliminated.
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4.2 Temporal Mean of the Evolving Quantities
As a confirmation of disregarding the fluctuation terms, we take the mean of
these four stochastic equations (18, 25, 31, 37) and show that the fluctuation
terms vanish. We substitute a mean and a fluctuation for the evolved quanti-
ties: Nc = Nc+ δNc where Nc is the mean. The mean Nc and δNc are computed
from the detailed simulations during the complete evolution. Taking the means of
each evolved quantity (Nc, Nr, qc, qr) produces terms containing factors such as
δNcδNc which are not necessarily zero. We use detailed simulation results above
to show that these terms are orders of magnitude smaller than the deterministic
terms. Fluctuations of the evolving quantities at each time step are collected. Af-
ter the evolution is complete, the fluctuations for each quantity are averaged, and
each instantaneous fluctuation is compared with its respective temporal mean.
The graphical comparison of the fluctuations of the four evolving quantities
to the respective temporal means of these quantities was done for four kernels:
(i) the piece-wise polynomial kernel used by Seifert and Beheng (2001), (ii) a
hydrodynamic kernel with collection efficiencies tabulated by Hall (1980), (iii) a
turbulent kernel parameterized by Franklin (2007), and (iv) a turbulent kernel with
tabulated values by Pinsky and Khain (2008). These results are shown in the four
graphs in Figure 2.
As shown in the four graphs in Figure 2, each of the evolving quantities, ex-
cept for mixing ratio, has a maximum temporal fluctuation that is three orders
of magnitude less than the quantities themselves. Consequently, we can alter-
nately take the approach of disregarding the cross terms containing, for example,
δNcδNc, thus providing a mean two-moment stochastic bulk rate parameteriza-
tion shown in Equation 38. The four mean stochastic bulk rate equations contain
nine parameters which are the means of (i) temporal fluctuations and (ii) temporal
product fluctuations of number concentrations and mixing ratios in regions on the
2-D domain in Figure 1.
These spectral fluctuations arise from the approximation of number concen-
tration density and of mixing ratio density as the sums of means and fluctuations
according to Equations (5 and 6). These parameters are present in terms which
represent collision processes: cloud self-collection, rain self-collection, autocon-
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quantities: δNc/Nc, δNr/Nr, δqc/qc, δqr/qr. Assuming ergodicity, the value
of each evolved quantity was averaged over a 60 minute simulation. The rain
mixing ratio does not appear in the parameterization.
version, and accretion.
dNc
d t
=−
(
3
4
− 2µ1n f +µ1np
2
)
KccN2c −KcrNcNr
dNr
d t
=
(
1
4
+
2µ2n f +µ2np
2
)
KccN2c −
(
3
4
−µ4np
)
KrrN2r
d qc
d t
=−
(
1
2
− (µ1n f +µ1mf +µ1mp))KccqcNc−KcrqcNr
d qr
d t
=
(
1
2
+µ2n f +µ2mf +µ2mp
)
KccqcNc+KcrqcNr.
(38)
The omission of qr in Equation 38 shows that the aggregate number of rain droplets
affects accretion, but the aggregate rain mixing ratio does not. This is in contrast
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to a model specifying individual droplet collisions whereby the mass of an indi-
vidual rain droplet does affect the collection of a single cloud droplet [16].
4.3 Reduced Parameter Set
Each of the four differential equations in 38, contains linear combinations of
stochastic processes statistics. In four instances, stochastic process within a linear
combination describes the statistics of a single collision and coalescence process.
The means of fluctuations and of product fluctuations in a single region model the
same phenomena and are linearly related in a single quantity. Since we are simply
collecting values for these parameters from data and are not examining the effects
of modifying one parameter relative to another parameter, combining parameters
in this linear manner does not pose a problem.
µ1n =2µ1n f +µ1np fluctuation of number concentration in Ω1
µ2n =2µ2n f +µ2np fluctuation of number concentration in Ω2
µ1m =µ1n f +µ1mf +µ1mp fluctuation of mixing in ratio in Ω1
µ1m =µ2n f +µ2mf +µ2mp fluctuation of mixing in ratio in Ω2
(39)
The stochastic bulk rate parameterization thus reduces to
dNc
d t
=− 1
4
(3−2µ1n)KccN2c −KcrNcNr
dNr
d t
=
1
4
(1+2µ2n)KccN2c −
(
3
4
−µ4nc
)
KrrN2r
d qc
d t
=−
(
1
2
−µ1m
)
KccqcNc−KcrqcNr
d qr
d t
=
(
1
2
+µ2m
)
KccqcNc+KcrqcNr.
(40)
The bars in Equation (40) are dropped, but the meaning of the two-moment evolved
quantities will remain unchanged.
4.4 Consistency of Number and Conservation of Mass
The first term on the right-hand-side of the cloud number (first) equation in (40)
contains the effects of both self-collection and auto-conversion. Equation 16
24
distinguishes these effects, and separates the loss of droplets due to cloud self-
collection from the gain of cloud droplets due to self-collection (i.e. the forma-
tion of a larger cloud droplet from two smaller could droplets). The first three
terms on the right-hand-side of Equation 16 represent the increase growth of
cloud droplets due to self-collection. The fourth term (−KccN2c ) represents the
total loss (not net loss) of cloud droplets due to both processes. The coefficient
of the first KccN2c term in Equation 40 is rewritten to separate cloud droplet loss
(cloud self-collection and auto conversion) from cloud droplet gain (only cloud
self-collection): −1/4(3−2µ1n) = [1/4+2µ1n]−1.
Since two cloud droplets necessarily form either another cloud droplet or a
new rain droplet, and we restrict collisions to binary ones, the following equation
produces a constraint on the relationship between µ1n and µ2n. We equate the loss
of cloud droplets to the gain of droplets resultant from that loss:
2
(
1
4
(1+2µ1n)
)
︸ ︷︷ ︸
gain from cloud self-collection
+ 2
(
1
4
(1+2µ2n)
)
︸ ︷︷ ︸
gain from auto conversion
− 1︸︷︷︸
loss
= 0 (41)
Equation (41) reduces to µ1n =−µ2n.
Conservation of mass is addressed by noting the similarity of the integration
of the accretion terms (which span a complete aggregate), with the integration
of the regions Ω1 and Ω2 when they are combined. The resultant integral also
spans a complete aggregate and can be solved analytically. Particularly, we have
n(z)n(y)Kcc integrated over the combined region yielding KccN2c . The first loss
term from Equation 14 integrates to −KccN2c . Combining the mass gain and mass
loss terms we have:
KccN2c −KccN2c = 0. (42)
Separating the integrals for mixing ratio over domains Ω1 and Ω2, the two resul-
tant integrals do not span a complete aggregate and we must employ stochastic
processes to close the equations as was detailed in Sections (3.3 and 3.4). One
stochastic term, µ1m, arises from the linear combination of the second, third, and
fourth terms on the right hand side of Equation 29. The other stochastic term,
µ2m, arises from the linear combination of the second, third, and fourth terms on
the right hand side of Equation 36. The deterministic term is the fifth term on the
right hand side of Equation 29. The coefficients of these three mixing ratio terms,
which contain KccN2c , are set equal to the right hand side of Equation 42:(
1
2
+µ1m
)
+
(
1
2
+µ2m
)
−1 = 0.
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From which follows: µ1m = −µ2m. Rewriting the four stochastic bulk rate equa-
tions using three independent parameters yields
dNc
d t
=− 1
4
(3−2µ1n)KccN2c −KcrNcNr
dNr
d t
=
1
4
(1−2µ1n)KccN2c −
(
3
4
−µ4nc
)
KrrN2r
d qc
d t
=−
(
1
2
−µ1m
)
KccqcNc−KcrqcNr
d qr
d t
=
(
1
2
−µ1m
)
KccqcNc+KcrqcNr
(43)
Conservation of mass for auto conversion follows intrinsically from the deriva-
tions and is clearly shown by the similarity of the first terms on the right hand
sides of the mixing ratio equations in Equation 43. Conservation of mass for ac-
cretion follows from the KcrqcNr terms in these same two equations.
The physical meanings and effects of these final three parameters are as fol-
lows.
µ1n controls the strength of cloud self-collection relative to auto-conversion
µ1m controls the strength of auto-conversion
µ4nc controls the strength of rain self-collection
Bounds on the values of these stochastic parameters will be established in Part II
of this series of papers.
5 Conclusion
Assumptions and simplifications are necessary to produce computationally afford-
able parameterizations that represent cloud microphysical processes. Parameteri-
zations of cloud microphysical processes over the past forty-five years have made
assumptions regarding the droplet size distribution [17, 12, 13]. Many parame-
terizations depend on ad-hoc parameters [8, 17, 12, 13, 4]. Here, we presented a
stochastic two-moment bulk parameterization of collision and coalescence which
does not rely on any distribution of the droplet size spectrum, but rather assumes
that there is a distribution and it has a mean. All of the parameters in the stochastic
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parameterization have physical meaning, and their values can be recovered from
data. The parameters represent uncertainties in the first and second moments of
time series of aggregate fluctuations of mixing ratio and number over defined por-
tions of the droplet size spectrum.
Other parameterizations have been restricted to a specific kernel [17, 12, 13,
4]. The kernel in Franklin’s parameterization was dependent on the turbulent
strength, but limited in the range of turbulent kinetic energy used in that kernel.
The stochastic bulk parameterization can be used with a variety of kernels without
any further derivations. The value of the kernel at the mean cloud radius and mean
rain radius is used in the stochastic bulk parameterizations. Seifert and Beheng’s
parameterization used a kernel that contained both cloud and rain mean radii, and
this analytic kernel could be directly applied to the resultant stochastic derivation.
Khairoutdinov and Kogan (2000) calibrated their parameters with data considered
to be non-turbulent. Thus their bulk parameterization is representative of one
that employs a hydrodynamic kernel. The second paper in this series applies the
analytic kernel used by Seifert and Beheng to the new stochastic parameterization
and precisely reproduces their parameterization while retaining the flexibility via
the stochastic parameters to more accurately reproduce results from a detailed
bin-based algorithm.
We assumed that any droplet distribution has a mean, and that the density can
be constructed as the sum of the mean and fluctuations from the mean. The flex-
ibility of using any collision kernel in the stochastic parameterization comes at
the expense of retaining only the zeroth order term in the 2D Taylor expansion
of the collision kernel centred at either the cloud, or rain, mean mass. This flex-
ibility requires that the value of the collision kernel be computed, or retrieved
from a look-up table, while the stochastic parameterization is being utilized by
a climate model. The stochastic bulk parameterization of cloud microphysical
processes contains only three stochastic parameters, one for each three collision
processes: cloud-self collection, rain self-collection, and auto conversion. In Part
II, the stochastic parameterization in Equation 43 is validated against detailed sim-
ulations of the KCE (Eq. 1) for the piece-wise polynomial kernel while the results
from the hydrodynamic kernel and two turbulent kernels will be reported in future
publications.
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A Appendix: Compatibility Condition
For any given droplet size of mass x, the number concentration density and the
mixing ratio density at time t are n(x, t) and q(x, t), respectively; and are related
physically by
q(x, t) = xn(x, t).
Using the second relation in Equation 3 and this physical relation between the
two densities, another expression for aggregate cloud mixing ratio is qc(t) =∫ x∗
0 q(x, t)dx. The two compatibility conditions, one for the cloud partition of
the spectrum and one for the rain partition, are∫ x∗
0
xn(x, t)dx=
∫ x∗
0
q(x, t)dx, and
lim
xm→∞
∫ xm
x∗
xn(x, t)dx= lim
xm→∞
∫ xm
x∗
q(x, t)dx.
Cloud Aggregate Compatibility
The cloud aggregate approximation gives∫ x∗
0
x
(
Nc(t)
x∗
+δc(ω1;x, t)
)
dx=
∫ x∗
0
qc(t)
x∗
+ γc(ω2;x, t)dx.
Integrating the deterministic parts produces
x∗Nc(t)
2
+
∫ x∗
0
xδc(ω1;x, t)dx= qc(t)+
∫ x∗
0
γc(ω2;x, t)dx.
The integral on the rhs is shown to be zero in Section 3, and the end of the proof
is given in Equation 10. A slight rearrangement gives∫ x∗
0
xδc(ω1;x, t)dx= qc(t)− x
∗Nc(t)
2
= Nc
(
xc− x
∗
2
)
(A.1)
The relationship between the centre of mass of the cloud aggregate and the separa-
tion mass shows that the weighted number fluctuation within the cloud aggregate
is negative when 2xc ≤ x∗. The negative values for the integral exist for most of
the cloud evolution, and this can be verified with data.
Rain Aggregate Compatibility
The rain aggregate approximation gives
lim
xm→∞
∫ xm
x∗
x
(
Nr(t)
xm− x∗ +δr(ω1;x, t)
)
dx= lim
xm→∞
∫ xm
x∗
qr(t)
xm− x∗ + γc(ω2;x, t)dx.
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which produces the following expression for the weighted number fluctuation
within the rain aggregate
lim
xm→∞
∫ xm
x∗
xδr(ω1;x, t)dx= qr(t)− limxm→∞
(xm+ x∗)Nr(t)
2
.
Because droplets cannot grow to an infinite mass [16], take xm x∗ to be finite an
have an expression for the weighted number fluctuation within the rain aggregate
that can be acquired numerically:∫ xm
x∗
xδr(ω1;x, t)dx= qr(t)− xmNr(t)2 = Nr
(
xr− xm2
)
. (A.2)
The relationship between the centre of mass of the rain aggregate and the separa-
tion mass shows that the weighted number fluctuation within the rain aggregate is
negative when 2xr ≤ xm. The negative values for the integral exist for the entirety
of the cloud evolution, and this can be also verified with data.
In the current bulk cloud microphysics parameterization developed herein, the
mass term which is added to the kinetic collection equation given by Equation
1 to get the first moment is absorbed by q(x, t) = xn(x, t). Therefore the lhs of
Equations (A.1 and A.2) do not appear in the derivations nor the final stochastic
parameterization, and these compatibility conditions do not constrain the param-
eterization developed herein.
Any stochastic parameterization which uses the number concentration density
approximation in Equation 5 and omits the mixing ratio density approximation
in Equation 6 will contain the lhs of Equations (A.1 and A.2) in the derivations
and the final parameterization. Thus the utility of those parameterizations will be
limited by conditions imposed by Equations (A.1 and A.2).
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